Results of theoretical calculations of ionization rates of Rb and Na Rydberg atoms by blackbody radiation (BBR) are presented. Calculations have been performed for nS, nP and nD states of Na and Rb, which are commonly used in a variety of experiments, at principal quantum numbers n=8-65 and at three ambient temperatures of 77, 300 and 600 K. A peculiarity of our calculations is that we take into account the contributions of BBR-induced redistribution of population between Rydberg states prior to photoionization and field ionization by extraction electric field pulses. The obtained results show that these phenomena affect both the magnitude of measured ionization rates and shapes of their dependencies on n. The calculated ionization rates are compared with the results of our earlier measurements of BBR-induced ionization rates of Na nS and nD Rydberg states with n=8-20 at 300 K. A good agreement for all states except nS with n > 15 is observed. We also present the useful analytical formulae for quick estimation of BBR ionization rates of Rydberg atoms.
Blackbody radiation (BBR) is known to strongly affect the populations of atoms in highly excited Rydberg states [1] . It has also been shown that BBR can photoionize Rydberg atoms at astonishingly high rates (∼ 10 3 s −1 ) [2, 3] . Strong effect of BBR on Rydberg atoms is related to large matrix elements of bound-bound and bound-free transitions between Rydberg states in the microwave and far infrared spectral range [4] .
Interaction of Rydberg atoms with BBR has been studied earlier in various contexts. Farley and Wing [5] calculated the dynamic Stark shifts and depopulation rates of Rydberg levels of alkali atoms with n ≤ 30 at 300 K. The temperature dependence of BBR-induced transitions rates from the 19S state of sodium was calculated and measured by Spencer et al. [3] . Another study by the same group considered the temperature dependence of BBR-induced photoionization rate of Na atoms in the 17D state [6] . Results of theoretical calculations of BBR-induced photoionization rates of Na states with n=10, 20, 30, 40 in the temperature range 77-625 K were reported in [7] , presenting also the data tables that can be used for analytical calculations. Galvez et al [8, 9] have studied BBR-induced cascade transitions from the initially populated n=24-29 states of Na, both theoretically and experimentally.
Recently, the interest to BBR-induced photoionization * Electronic address: beterov@isp.nsc.ru of Rydberg atoms was related to the spontaneous formation of ultracold plasma in dense samples of cold Rydberg atoms [10, 11] , and to prospects of its use as a convenient reference signal in absolute measurements of collisional ionization rates [12] . A major problem in the interpretation of measured ionization rates of Rydberg atoms is related to the fact that populations of Rydberg states are affected by BBR-induced processes to an unknown (or, at least, not straightforwardly predictable) extent, which depends on the combination of specific experimental conditions (principal quantum numbers n, ambient temperature, duration of measurements, extracting electric field strengths, etc.). Therefore, a more detailed study of BBR-induced ionization of Rydberg atoms under typical experimental conditions is required, especially for higher Rydberg states that are often explored in the experiments with cold atoms.
In this article we present the results of numerical calculations of BBR ionization rates of Rb and Na Rydberg atoms for the most commonly used nS, nP and nD states with n=8-65 at the ambient temperatures of 77, 300 and 600 K. In these calculations we take into account two phenomena that may affect the observed ionization rates: the time-dependent BBR-induced population redistribution between Rydberg states prior to photoionization and the selective field ionization (SFI) of high-lying Rydberg states by the electric field applied for extraction of ions from the excitation zone. Although both phenomena were mentioned in some of the earlier studies [6] , their effects have not yet been studied in sufficient detail neither theoretically, nor experimentally. In particular, in [6] the influence of the population redistribution between neigh-boring Rydberg states on the measured ionization rate of the 17D state could not be observed because of the short measurement time, which was comparable with the effective lifetime of the Rydberg state. In the present study we address to both phenomena and provide the useful analytical formulae, which can be applied to any Rydberg atom for estimates of the direct BBR-induced ionization rates and of the contribution of the SFI.
The simplest (but often insufficient) way of considering BBR-induced ionization after the excitation of an atom A to a given nL Rydberg state is to limit the problem to the direct photoionization of the initial nL state in one step by absorption of BBR photons:
where ω BBR is the energy of absorbed BBR photon, A + is the atomic ion, and e − is the free electron emitted in the ionization. In the reality, however, ionization of Rydberg atoms exposed to BBR is a complex process, in which the following main components can be identified [see Fig. 1 (a)]: (i) direct photoionization of atoms from the initial Rydberg state via absorption of BBR photons, (ii) field ionization by extraction electric field pulses of high Rydberg states, which are populated from the initial Rydberg state by absorption of BBR photons, (iii) direct BBR-induced photoionization of atoms in the neighboring Rydberg states, which are populated due to absorption and emission of BBR photons prior to photoionization, and (iv) field ionization of other high-lying states, which are populated via population redistribution involving two or more steps of BBR photon absorption and/or emission events. Our calculations show that all these processes can contribute to the total ionization rate to a comparable extent, and, therefore, none of them can be disregarded. In what follows we will consider the above processes separately and calculate the total BBR ionization rates, both analytically and numerically.
II. CALCULATION OF BBR IONIZATION
RATES.
Ionization mechanisms of Rydberg atoms exposed to BBR are illustrated in Fig. 1 . The total BRR-induced ionization rate can be written as consisting of four separable contributions:
The first contribution, W BBR , is the direct BBR photoionization rate of the initially excited nL state, which will be discussed in Section II A. The second term, W SF I , is the rate of the selective field ionization (SFI) of high n ′′ L ′ Rydberg states, which are populated from the initial Rydberg state nL via absorption of BBR photons. This field ionization will be discussed in Sec- tion II C, while redistribution of population between Rydberg states will be described in Section II B. The third term, W mix BBR , is the total rate of BBR-induced photoionization of neighboring n ′ L ′ Rydberg states, which are populated via spontaneous and BBR-induced transitions from the initial state. The last term, W mix SF I , is the rate of SFI of high-lying Rydberg n ′′ L ′ states that are populated in a two-step process via absorption of BBR photons by atoms in n ′ L ′ states (note, that here, in contrast to W SF I , we consider lower n ′ L ′ , states which cannot be directly field ionized). These latter two ionization rates, which are related to population redistribution between Rydberg states, will be considered in Section II D . The atomic units are used below, unless specified otherwise.
A. Direct BBR photoionization.
Direct BBR-induced photoionization rate W BBR of a given nL state is calculated from the general formula [6] :
where c is the speed of light, ω nL = 1/ 2n 2 ef f is the photoionization threshold frequency for the nL Rydberg state with the effective principal quantum number n ef f = (n − δ L ), where δ L is a quantum defect, and σ ω is the photoionization cross-section at the frequency ω. The volume density ρ ω of BBR photons at the temperature T is given by the Plank distribution:
where kT is thermal energy in atomic units. For isotropic and non-polarized thermal radiation field, the value of σ ω is determined by the radial matrix elements R (nL → E, L ± 1) of dipole transitions from discrete nL Rydberg states to the continuum states with L±1 and photoelectron energy E :
where L max is the largest of L and L ′ . The main problem in the calculation of W BBR for an arbitrary Rydberg state is thus to find the values of R (nL → E, L ± 1) and their frequency dependence. In order to achieve high accuracy of the matrix elements, numerical calculations should be used. In this work we used the semi-classical formulae derived by Dyachkov and Pankratov [13] . In comparison with other semi-classical methods [14, 16] , this method is advantageous as it gives orthogonal and normalized continuum wavefunctions, which allow for the calculation of photoionization cross-sections with high accuracy. We have verified that photoionization cross-sections of the lower sodium S states calculated using the approach of [13] are in good agreement with the sophisticated quantummechanical calculations by Aymar [15] .
Approximate analytical expressions for W BBR would also be useful, since they illustrate how the ionization rate depends on parameters n, L, and T. Such expressions can be obtained using the analytical formulae for bound-bound and bound-free matrix elements deduced by Goreslavsky, Delone and Krainov (GDK) [14] in the quasiclassical approximation. For the direct BBR-induced photoionization of an nL Rydberg state the cross-section is given by:
where K ν (x) is the modified Bessel function of the second kind. This formula was initially derived to describe the photoionization of hydrogen atom. It was assumed that the formula can be extended to alkali atoms simply by replacing n by n ef f = (n − δ L ), where δ L is the quantum defect of the Rydberg state. In the reality, however, its accuracy in absolute values is acceptable only for truly hydrogen-like states with small quantum defects. A disadvantage of the GDK model is that it disregards nonhydrogenic phase factors in the overlap integrals of dipole matrix elements.
The main contribution to W BBR in Eq. (3) comes from BBR frequencies near the ionization threshold frequency ω nL , because the bound-free dipole moments rapidly decrease with increasing ω. For Rydberg states with n≫1 and low L one has (ωL 3 /3)≪1. In this case Eq. (6) can be simplified to the form:
The combination of Eqs. (3), (4) and (7) yields:
The expression in square brackets is a slowly varying function of ω. Taking into account that the main contribution to W BBR is due to frequencies near the ionization threshold, one can replace ω by 1/(2n 2 ). After such replacement the integral in Eq. (8) can be calculated analytically, and the final result is:
(9) Equation (9) gives the approximate BBR-induced ionization rate in atomic units for T measured in Kelvins. Alternatively, it can be rewritten to yield W BBR in the units of s −1 for temperature T taken in Kelvins as follows:
Here C L is an L-dependent scaling coefficient, which will be discussed later. By replacing n with the effective principal quantum number, Eq. (10) can be used for quick estimations of direct BBR ionization rates for various Rydberg atoms and states. The precise values, however, should be calculated numerically.
The results of our numerical and analytical calculations of the direct BBR-induced photoionization rates for sodium and rubidium nS, nP and nD states with n=5-80 at the ambient temperatures T =77, 300 and 600 K are shown in Fig. 2 . A good agreement of our numerical results obtained using the Dyachkov and Pankratov model with the theoretical data obtained by Lehman [7] is observed. For the case of rubidium such comparison is not possible because no other published data are available, to the best of our knowledge.
It is also interesting and instructive to compare the results obtained by numeric calculation with those obtained using the analytical formula (10) . Figure 2 (a) shows a remarkable disagreement between the numerical and analytical results (assuming C L =1) for sodium nS states, which are known to possess a large quantum defect (δ S =1.348). At the same time, Figs. 2(b) and 2(c) show that in the case of Na nP and nD states, which have smaller quantum defects (δ P =0.855 and δ D =0.015), the agreement between the numerical and analytical results is much better. This is not unexpected, since Eq. (6) is valid only for states with small quantum defects. Formally, the disagreement for the non-hydrogenic nS states stems from peculiarities of the asymptotic behavior of Bessel functions in Eq. (6) for states with L ≪ 1: the analytical expression of GDK model yields close photoionization cross-section values for nS, nP and nD states, while the accurate numerical calculations yield significantly smaller cross-sections for sodium nS states [see Fig. 2(a) ]. At the same time, one can see from Fig. 2(a) that shapes of the analytical curves are quite similar to the numerical ones. Therefore, one can simply introduce a scaling coefficient in Eq. (10) in order to make it valid also for nS states.
In order to illustrate that, in Figs. 2(d)-(f) we show the rescaled results of Eq. (10) for the case of Rb Rydberg atoms nS, nP, and nD states, which all have large quantum defects (δ L = 3.13, 2.66, and 1.34, respectively). A good agreement between the analytical and numerical results was obtained when the rate obtained from Eq. (10) was scaled by a factor of C S =0.2, C P =0.2 and C D =0.4 for the case of nS, nP, and nD states, respectively.
Our precise numerical data on W BBR are summarized in Tables (I) -(VI) of Appendix.
B. BBR-induced mixing of Rydberg states
BBR causes not only direct photoionization of the initially populated levels. It also induces transitions between neighboring Rydberg states, thus leading to a population redistribution [8, 9, 18] . For example, after laser excitation of the Na 16S state, the BBR-induced transitions populate the neighboring n ′ P states [ Fig. 1(a) ]. The calculations show that these states have significantly higher direct photoionization rates W BBR than the 16S state itself. Hence, BBR-induced population transfer to n ′ P state can noticeably affect the measured effective BBR photoionization rate. The rates of spontaneous and BBR-induced transitions from the initial 16S and 16D states to a number of n ′ P states have been calculated in [12] and are shown in Figs. 1(b) and 1(c) .
Importantly, absorption of BBR induces also transitions to higher Rydberg states, which are denoted as n ′′ in Fig. 1(a) . These states can be field ionized by the electric field pulses usually applied in experiments in order to extract ions into channeltron or microchannel plate detectors.
C. Field ionization of high Rydberg states populated by BBR
Extraction electric field pulses, which are commonly used to extract ions from the ionization zone to the ionization detector, ionize Rydberg states with principal quantum numbers n exceeding some critical value n c . This critical value n c depends on the amplitude of the applied electric field and it can be found from the approximate formula [17] 
were E c is the critical electric field for n c . Hence, if a BBR mediated process populates a state with n ′ ≥ n c , this state will be ionized and thus will contribute to the detected ionization signal [6] .
We calculated the radial matrix elements
using the semiclassical formulae of [13] . The rate of a BBR-induced transition between the states nL and n ′ L ′ is given by:
where
is the transition frequency.
The total rate W SF I of BBR transitions to all Rydberg states with n ′ ≥ n c was calculated by summing the individual contributions of nL → n ′ L ′ transitions given by Eq. (12):
The values of W SF I were numerically calculated for various amplitudes E of the electric field pulses.
We also compared the numerical values with those obtained from the approximate analytical formulae, which has been derived with the bound-bound matrix elements of the GDK model:
The integration limits are chosen such that the integral accounts for transitions to those Rydberg states, for which 1/(2n 2 ) − 1/(2n 2 c ) < ω < ω nL (i.e., states above the field ionization threshold). Integration of Eq. (14) gives another useful analytical formula that is similar to Eq. (10):
where T is in Kelvins.
The obtained numerical and analytical data on W SF I are presented in Fig. 3 . For Na atoms, the calculations were made for the nS, nP and nD states with n=5-35 at the ambient temperature T =300 K [Figs. 3(a), 3(b) and 3(c)]. The amplitudes E of the extracting electric field pulse are chosen as 100 and 200 V/cm (corresponding to n c = 42 and 36, respectively). These values are close to those used in our recent atomic-beam experiment on ionization of Na atoms [12] . Alternatively, Figs. 3(d) , 3(e) and 3(f) show the calculated rates W SF I for nS, nP and nD states of Rb for the lower E values (5 V/cm and 10 V/cm corresponding to n c =91 and n c =76, respectively), which are more adequate to experiments with Rydberg atoms in cold gases.
In order to achieve a better agreement between the analytical formula (15) and the results of numerical calculations, scaling coefficients C L in Eq. (15) were also introduced. The best agreement was obtained at C S = 0.2, C P = 0.15 and C D = 0.3 for the Rb nS, nP and nD states, respectively. In the case of nP and nD states of Na data such scaling was not necessary, while in the case of nS states of Na the best agreement [not shown in Fig. 3(a) ] was found at C S = 0.25. The possibility to achieve a satisfactory agreement between the numerical and analytical data of Fig. 3 suggests that, using appropriate scaling coefficients, the analytical formula (15) is also suitable to quick estimates of BBR-induced SFI rates for various Rydberg atoms and states.
Our precise numerical data on W SF I are summarized in Tables (I) -(VI) of Appendix.
D. Ionization of Rydberg states populated by BBR
In this section we shall analyze the influence of time evolution of populations of Rydberg states upon interaction with ambient BBR photons. The typical timing diagram of laser excitation of Rydberg states and detection of ions is shown in Fig. 4 . Such scheme was used in our recent experiment on collisional ionization of Na Rydberg atoms [12] . The first electric-field pulse is applied immediately after the laser excitation pulse in order to remove the atomic A + and molecular A + 2 photoions produced by the laser pulse. Then atoms are allowed to interact with ambient BBR during the time interval (t 1 , t 2 ). The second electric-field pulse extracts the ions, which have been produced by collisional and BBR-induced ionization, to the ion detector.
Let us consider first the simplest case of laser excitation of a single nS state. The evolution of the number N A + of atomic ions produced via absorption of BBR photons by atoms in the initial nS state is given by
where N nS (t ) is the total number of Rydberg atoms remaining in the nS state. The registered photoions are produced during the time interval (t 1 , t 2 ). The total number of ions produced during this interval by direct BBR-induced photoionization of the nS state can then be found by integrating Eq. (16) :
where t nL ef f is the effective interaction time [12] . This time is defined as
where τ nL ef f is the effective lifetime of the nL state at ambient temperature T.
Blackbody radiation also induces transitions to other Rydberg states n ′ P, as was discussed in Section II B. Evolution of populations of these states is described by the rate equation
where W (nS → n ′ P) is the rate of population of the n ′ P state due to spontaneous and BBR induced transitions from the initial nS state, and τ nP ef f is the effective lifetime of the n ′ P state. A combination of Eq. (19) with Eqs. (16) and (17) yields
The main contribution to the sum in Eq. (20) is from n ′ P states with n ′ = n ± 1 [see Fig. 1(b) ]. The effective BBR ionization rates for nP and nD states were determined in the same way as for nS states, taking into account the population transfer to both n ′ (L + 1) and Tables (I) -(VI) of Appendix.
III. RESULTS OF CALCULATIONS AND COMPARISON WITH EXPERIMENT

Calculated total BBR-induced ionization rates W tot BBR
for Na nS, nP and nD states at the temperatures T = 77, 300, 600 K and for the extracting electric field pulses of E =100 V/cm and 200 V/cm, as well as their comparison with our experimental data from Ref. [12] , are shown in Fig. 5 . Since the values of W tot BBR depend on the timing of the experiment (see Fig. 4 ), the calculations were performed for t 1 = 0.3 µs and t 2 = 2.1 µs, which were used in our experiment [12] . At the 300 K temperature a good agreement is observed for nD states with n=8-20 and for nS states with n=8-15. At the same time, for nS states with n > 15 the calculated ionization rates start to deviate from the experimental values; the measured values exceed the theoretical ones by a factor of 2.1 for n=20, and the shape of the experimental n-dependence differs from the theoretical one.
One possible explanation of such anomaly for nS states is related to their specific orbit that penetrates into the atomic core. The penetration causes a strong interaction between the Rydberg electron and the core, e.g., due to core polarization [15] . This results in large quantum defect and a Cooper minimum in the photoionization cross-sections. This assumption is supported by the good agreement of theory and experiment for the hydrogen-like nD states, which have a small quantum defect and almost 
Principal quantum number n Total BBR photoionization rate (s ) non-penetrating orbits.
Total BBR-induced ionization rates were also calculated for Na and Rb nS, nP and nD states in a broader range of n and for lower amplitudes of the electric field pulses (5 V/cm and 10 V/cm). Such fields are more relevant to the experiments with cold Rydberg atoms, e.g., to experiments on ultracold plasma formation from cold Rydberg atoms clouds [10, 11] . The calculated ionization rates are presented in Fig. 6 . It can be seen that SFI and BBR-induced level-mixing processes alter the shapes of n-dependences of total ionization rates W tot BBR , which effect is more pronounced at lower temperatures and larger n.
Precise results of our numerical calculations for a fivestep set of principal quantum numbers n are summarized in Tables (I) -(VI) of Appendix. The values of ionization rates at the other n values can be obtained either by extrapolation or upon request from the authors of this paper.
IV. CONCLUSION
We have calculated the total BBR-induced photoionization rates of Na and Rb nS, nP and nD Rydberg states for principal quantum numbers in the range n=8-65 at the ambient temperatures of 77, 300 and 600 K. Our calculation takes into account the effect of BBR-induced 
Principal quantum number n Total BBR photoionization rate (s ) mixing of Rydberg states and their field ionization by extracting electric field pulses. Useful analytical formulae have been derived, which allow for quick estimation of ionization rates and their dependencies on the principal quantum number n. The numerical results are in a good agreement with our recent experiment data on Na nS and nD states, except for nS states with n > 15, which is most probably associated with the Cooper minimum in the photoionization cross-section.
The obtained results show that BBR-induced redistribution of population over Rydberg states and their field ionization by extracting electric fields affect both the magnitudes of total ionization rates and shapes of their dependencies on the principal quantum number. This suggests that these processes are important and cannot be ignored in the calculations and measurements of BBR ionization rates. Equations (16)- (20), as well as the analytical formulae (9) and (15) , can be used to calculate total ionization rates W tot BBR under particular experimental conditions. The numerical results presented in Figs. (4) - (6) may be helpful in the analysis of spontaneous formation of ultracold plasmas caused by BBR, and for the identification of other signatures of BBRmediated ionization. New experimental data in a broad range of principal quantum numbers, especially for the non-hydrogen-like states, would be of interest for the further improvement of theory. 
